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Abstract 

We study the wave equation for a massive scalar in three-dimensional AdS-black 
hole spacetimes to understand the unitarity issues in a semiclassical way. Here we 
introduce four interesting spacetimes: the non-rotating BTZ black hole (NBTZ), 
pure AdS spacetime (PADS), massless BTZ black hole (MBTZ), and extremal BTZ 
black hole (EBTZ). Our method is based on the potential analysis and solving the 
wave equation to find the condition for the frequency uj exactly. In the NBTZ case, 
one finds the quasinormal (complex and discrete) modes which signals for a non- 
unitary evolution. Real and discrete modes are found for the PADS case, which 
means that it is unitary obviously. On the other hand, we find real and continuous 
modes for the two extremal black holes of MBTZ and EBTZ. It suggests that these 
could be candidates for the unitary system. 
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1 Introduction 



Hawking's semiclassical analysis for the black hole radiation suggests that most of in- 
formation in initial states is shield behind the event horizon and is never back to the 
asymptotic region far from the evaporating black holepp. This means that the unitarity 
is violated by an evaporating black hole. However, this conclusion has been debated for 
decadesj21ISlll]- The information loss paradox is closely related to the question of whether 
the formation and subsequent evaporation of a black hole is unitary. One of the most 
urgent problems in the black hole physics is to resolve the unitarity issue. 

Recently, Maldacena proposed that the unitarity can be restored if one takes into 
account the topological diversity of gravitational instantons with the same AdS bound- 
ary in (l+2)-dimensional gravitylSj. Actually, (l+2)-dimensional gravityjHI is not di- 
rectly related to the information loss problem because there is no physical degrees of 
freedom [7]. If this gravity could be considered to be part of string theory, the AdS/CFT 
correspondence [S| 1^ ITUj requires that the black hole formation and evaporating process 
be unitary because its boundary can be described by a unitary CFT. On later. Hawking 
has withdrawn his argument on the information loss and suggested that the unitarity can 
be restored by extending Maldacena's proposal to (l+3)-dimensional gravity system^J. 
The topological diversity is credited with the restoration of the S-matrix unitarity in the 
formation and evaporation of a black hole. In this approach of the Euclidean path integral, 
the pure AdS space plays an important role in restoring unitarity. However, the proposal 
which is to resolve the information loss paradox by summing over bulk topologies seems 
to be failed even in the (1+2) -dimensional model fT^ I13j. 

Since the (l+2)-dimensional gravity and its boundary CFT can provide a prototype 
to compute quasinormal modes and boundary correlators exactly [14J, they play a crucial 
role in investigating the unitarity issue. Solodukhin has tried to find an alternative view 
to resolving the unitarity problem by introducing a non-classical deformation of the BTZ 
black hole which resembles the geometry of wormhole|15j. As a result of disappearing the 
event horizon, real and discrete modes are found jlHlE!, which means that the considering 
system turns out to be unitary. 

In this work we focus on the study of the (l+2)-dimensional wave equation for a 
scalar field which include a massless scalar [T7j as well as a dilaton derived from string 
theory [THt ITOt l2(H 121] l22] . The pure AdS spacetime provides a unitary evolution, but 
it is topologically trivial. It is important to find a topologically non-trivial spacetime 
which provides a unitary evolution. This work may put a further step to understand the 
unitarity in a semiclassical way because we propose the two extremal BTZ black holes 
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(MBTZ, EBTZ) for the unitarity systems. Our method consists of two steps: the potential 
analysis using the Schrodinger-equation and obtaining its eigenvalue E = u"^ hj solving 
the wave equation exactly. Actually, we translate the black hole-unitary problem into 
the boundary- value problem in the Schrodinger-like equation. If the Schrodinger operator 
C = —cP/drl + V{r^:) is self-adjoint (£''" = C), its eigenvalue is real upon imposing 
appropriate boundary conditions [23 123- this case there is no information loss and 
the unitarity is preserved. If one finds quasinormal modes, the information is lost during 
evolution and thus the system is not unitary-'-. In asymptotically AdS spacetime|2S], 
quasinormal modes are defined as the solutions which are purely ingoing wave at the event 
horizon and those which vanish at infinity because the potential is growing at infinity. The 
last condition means that any leakage of the energy (information) is not allowed through 
the boundary at infinity. More precisely, we use the flux boundary condition: the ingoing 
flux at the horizon and the vanishing flux at infinity ^H]. 

In a (l+2)-dimensional spacetime, the Einstein equation with a negative cosmological 
constant A = — and 86*3 = 1 provides the BTZ solution: 

^4tz = -{-M+'^ + ^)dt'+{-M+'^ + ^y'dr' + r\d<P - ^^dtf , (1) 

where M and J turn out to be the mass and angular momentum, respectively ^6 . The 
above metric allows the two horizons of r| = MI^{1 ± A)/2 with A = (1 - J^/lVPPy/^. 
Here the conditions of | J| < Ml and M > are required to have the black hole spacetime. 
Its thermodynamic quantities of energy. Hawking temperature, Bekenstein-Hawking en- 
tropy, and heat capacity are given hj E = M, Th = MA/27rr+, Sbh = 47rr+, Cj = 
47rr+A/(2 - A) [211 |2H1 123 • We note that the heat capacity of BTZ black hole is always 
positive. Hence the BTZ black hole can be thermally in equilibrium with any size of heat 
reservoir. This explains thermodynamically why the BTZ black hole belongs to an eter- 
nal black hole|H| OH]. In this work we consider four interesting cases, i) The non-rotating 
BTZ black hole (NBTZ) with J = 0: = l^M, Th = j^, Cj = Anr^ = Sbh- ii) The 
pure AdS spacetime (PADS) with M = —1, J = 0: Th = Cj = Sbh = 0. This case 
corresponds to the spacetime picture of the NS-NS vacuum state [SO]- hi) The massless 

^We just study the -wave propagation to test how an object (the black hole) responds to an external 
perturbation. In the case of black hole physics, it is impossible to investigate the interior region of the 
event horizon using the Klein-Gordon equation for a scalar. Hence the radial part of the Klein-Gordon 
equation leads to the Schrodinger-like equation but not the exact Schrodinger equation because the Klein- 
Gordon equation belongs to the relativistic -wave equation. The use of quantum mechanical terminology 
is here an analogy to understand the external perturbation intuitively. The system under consideration 
is not an exact quantum system. Therefore we don't need to do a further -work, the self-adjoint extension 
of the Schrodinger operator, even if the quasinormal mode is found. 
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BTZ black hole (MBTZ) with M = J = 0: Th = Cj = Sbh = 0. This is called the 
spacetime picture of the R-R vacuum state, iv) The extremal BTZ black hole (EBTZ) 
with I J| = IM: rl = rl = Th = Cj = 0, Sbh = 47rr+. 



2 NBTZ VS PADS 

We start with the wave propagation for a massive scalar field with mass m 

(V2-m2)<l> = (2) 

in the background of the non-rotating BTZ black hole. Its line element is given by 
ds%BTZ = -{-M + r^/P)dt'^ + (-M + r^/l^)-^dr^ + r'^dcj)'^^. On the other hand, the 
pure AdS spacetime is defined by dsp^^j^^ = —(1 + r'^ /l'^)dt^ + (1 + r"^ /l'^)~^dr'^ + r'^d(j)^. 
Here we set M = / = 1 for simplicity, unless otherwise stated. Assuming a mode solution^ 

$(r, t, 0) = /(r)e-^^*e^^^, £ G Z (3) 

we find the radial equation 
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r 



2 fj2 



T l)f"{r) + (3r T -)/'(r) + '-2'^ /W = 0' (4) 



=F 1 



where the prime (') denotes the derivative with respect to its argument. The upper (lower) 
signs denote the NBTZ (PADS) cases. Introducing /(r) = /(r)/i/r, the above equation 
reduces to 

(r^ T l)/"(r) + 2r/'(r) + [-^ _ ^ ^ _L _ ^! _ ^2] J(^) ^ g 

which is suitable for the potential analysis. 

First of all, it is important to see how a scalar wave propagates in the exterior of the 
NBTZ. For this purpose, we introduce a tortoise coordinate 2r^, = ln[(r — l)/(r + l)](r = 
— coth[r^,]) [211 EE]- We have — oo(r r+) and — > 0(r —>■ 00). We transform 

Eq.® into the Schrodinger-hke equation with the Schrodinger operator C^btz and energy 



- + VNBTzir.)f = CmbtzI = Ef (6) 



§There is no a globally defined time-like Killing vector in the AdS black hole spacetime. But a time- 
like Killing vector of d/dt is future directed at the region I, the Fig. 3 in Ref.[Sj. This means that an 
appropriate time evolution is allowed if = —iuj^ with a; > in this workj82|. 
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where the NBTZ potential is given by 

VNBTz{r:) = [(^ + m') coth^ir,] - + f - ^ - {f + ^) tanh^fr,]] . (7) 

We observe that the potential decreases exponentially to zero {Vnbtz ~ e"^***) as one 
approaches the event horizon (r* — > —oc), while it goes infinity {Vnbtz ~ V'''*) 
approaches infinity (r^, —* 0). V]\[btz{i^*) looks like the right-half of U. A plane wave 
appears near the event horizon, whereas a genuine travelling wave does not appear at 
infinity. In order to obtain the solution which is valid for whole region outside the black 
hole, we solve equation Q directly by transforming it into a hypergeometric equation. 
With^ = (r2-l)/r2, our working region is between z = and z = 1, covering the exterior 
of the NBTZ. Eq.® takes a form 
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z{l - z)f"{z) + {l^z)f{z) + -[:---—- m'\f{z) = 0. (8) 

In order to obtain quasinormal modes fZj, we use the fiux boundary condition^ : the 
ingoing fiux {J-'in{z = 0) < 0) at the horizon and the vanishing fiux {.^{z = 1) = 0) at 
infinity. Then we find two types of quasinormal modes with AdS curvature radius / 

uJi/2 = ±j -ij[n + s+j (9) 

which means that the operator C^btz is not self-adjoint. Here we have 2s+ = 1 + (1 + 
m^t^y/'^. The discreteness comes from the fact that the NBTZ is a compact (finite) system. 
Decomposing ujii2 = ±ujr — i^^i, wj should be positive because the corresponding mode 
decays into the horizon. This bulk perturbation decays, as does in the linear response of 
conformal field theory The presence of quasinormal modes is a mathematically precise 
formalism of the lack of unitarity in the semiclassical approach to the bulk system. 

To find a unitary system, we study the pure AdS spacetime which does not contain 
any topologically distinct object. First we transform the wave equation Q with lower 
signs into the Schrodinger-like equation [33]. We introduce a coordinate r^, = tan^^ [r](r = 



tan[r=K]) to transform Eq.(0) into the Schrodinger-like equation (jH)) with the energy E 
and PADS potential 



2 



VpADsin) = [(f - j) cot2[n] +m^ + e^ + ^ + [j + m^) tan^[n]\ (10) 



^Actually, the radial flux of $ is expressed in terms of f{z) as JF(z — zq) = 2^[f* zdzf — fzdzf*]\z=zo- 
As in quantum mechanics, this measures the particle current (flow of energy or information). Hence this 
quantity is usually used to calculate the black hole greybody factor and quasinormal modes. 
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which is defined on a box between r^, = and r^, = 7r/2. It is observed that for > 0, 
VpADsif^*) increases to infinity as one approaches 0(r — > 0), while it also goes 

infinity as one approaches r* 7r/2(r oo). VpADsi^^:) looks like U. Using the WKB 
prescription, we expect to have oscillating modes between two turning points for uj which 
satisfies to^ > V^Xhs = 2{m'^ + e) + l and cj^ = VpADs{r^). 

In order to obtain an explicit form for the frequency we solve equation with lower 
signs directly by transforming it into a hypergeometric equation. With z = r^/(l + r^), 
our working region is also between z = and z = 1. Eq.(^ takes a form 
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z{l - z)r\z) + (1 - z)f\z) + /(^) = 0. (11) 

We require that the wave function be zero at infinity because the potential diverges at 
infinity. This means that the wave function is normalizable and its fiux is zero: T{z = 
1) = 0. In addition, requiring a regular solution ai z = 0(r = 0) lead to real and discrete 
modes with AdS curvature radius / 

071/2 = ±y±y(n + S+) (12) 

which means that Cpads is self-adjoint. The discreteness comes from the finite PADS 
system. These normal modes are consistent with those found in the AdS approach 
Also this oscillating behavior of a bulk perturbation is mirrored by the oscillating behavior 
of the CFT-boundary approach j^. It is obvious that we cannot find any complex mode 
because there is no the event horizon (dissipative object). 



3 MBTZ 

Although the PADS provides a unitary evolution, it is a topologically trivial spacetime. 
It is important to find a topologically non-trivial spacetime which provides a unitary 
evolution. One candidate is the massless BTZ black hole. We start with the wave equation 
(j21) in the background of the massless BTZ black hole spacetime: ds\iprp^ = —{r/iy'dt^ + 
{l/rYdr^ + r^dcj)"^. Assuming a mode solution Q with 1 = 1, the wave equation for /(r) 
is given by 

r2/"(r) + 3r/'(r) + [ "^ ~/ - m^]f{r) = 0. (13) 

Because this equation is so simple, it is not easy to make a potential analysis. Introducing 
r=i, = 1/r^, Eq. p3|l can be rewritten as the Schrodinger-like equation ^ with the zero 
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energy E = and the potential Vmbtz 



VMBTzin) = -y + f,.k, = k, = —. (14) 



It seems that the MBTZ case could not be translated into the boundary value problem 
because its eigenvalue is determined as = initially. Near infinity at r^, = 0(r = oo), 
one finds an approximate equation of (P fo{r^) / drl — {k2/r'l)fQ{r^) = whose solution is 
given by 

/o(r,) = Ambtz K+ + Bmbtz K' (/oo(r) = Ambtz r-^'+ + Bmbtz r"^'-) (15) 



with s± = (1 ± ^/l + rn?)/2. Here the first is a normalizable mode and the second is 
a nonnormalizable mode. However, it is not easy to obtain approximate solution near 
the event horizon at = oo(r = 0) since the potential Vmbtz contains a long-range 
interaction term like ki/r^. 

Introducing z = 1/r, the working region is extended from 2; = to 2; = 00. Eq. ()13j] 
leads to 

z^f'iz) - zf\z) + [{uj^ - e)z^ - m^] f{z) = 0. (16) 

In order to solve this equation, one first transforms it into the Bessel's equation with 
f{z) = zf{z). Using T] = \/ uj^ — Pz, one finds the Bessel's equation 



with V = \^T+m? = 2s+ — 1. For massless (dilatonic) scalar, it is given by u = 1(3). 
Then we find the waveform which is valid for whole region between z = and z = 00 



f{z) = CiZ J^{y/uj^-Pz) + C2zY^{yuj^-Pz). (18) 

In the limit of 2 — > 0(r — 00), one has 

f{z) ^ fo{z) = Ambtzz^"^ + Bmbtzz^'- = Ambtzt-^"-" + Bmbtzt-^'-, (19) 

where foi^z) is consistent with the approximate solution fooij) in Eq. (fT3j) . Hence we choose 
Bmbtz = 0(6*2 = 0) by imposing the boundary condition at infinity of r = 00. 
Near the event horizon at z = cx3(r = 0), one has 

f{z) foo{z) = Civ^cos (Vcu2 - Pz - 7rs+) (20) 

V ^ \ = JmBTZ + JMBTZi l^-LJ 
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where the first term is an ingoing mode and the last is an outgoing mode. In this case 
we have /mbtz — Umbtz]* t\ms foo{z) is real. Then it means that the total flux 
near the event horizon is zero. However, there exist an ingoing flux and an outgoing flux 
such that jF™(z = oo) +JF°"*(2; = oo) = 0. Therefore, we cannot obtain the wanted case: 
jF*"(z = oo) 7^ 0, T°^^{z = oo) = because the event horizon is a degenerate point and 
is located at r = 0. In other words, there is no room to determine the frequency u since 
the spectrum of E is set to be zero initially. This implies that Cmbtz is self-adjoint and 
the MBTZ is unitary during evolution. At this stage we have to distinguish between the 
eigenvalue E of Cmbtz and the own frequency for $. The continuous frequency reflects 
that the MBTZ is an infinite (non-compact) system. We conclude that its frequency 
remains real and continuous |39j. In order to study the extremal black hole further, we 
need to introduce the other extremal BTZ black hole in the next section. 



4 EBTZ 

We study the wave propagation for a massive scalar field in the background of the ex- 
tremal BTZ black hole given by dsl^rz = -[(^/O^ - 2{r+/l)^]dt^ + - rl)'^]dr'^ - 
[2r'^ / l]dtd(j) + r'^dcf^ HUj . In this case g"' is also degenerate at the event horizon of 
r = r+ = M/2. Assuming a mode solution in Eq.(jn}, the radial equation for /(r) is 

(-^ - f^r) + i^l^im^ll±3lf^r) (22) 



^2^4 ^ w ' ^3/4 



^{cul + i) {{cul - £)P + 2irl) - ^(r^ - rl)^] /(r) = 0. 



Choosing a good coordinate z = r\l{r'^—r\), the above equation reduces to the Schrodinger- 
like equation (jH)) IHl 1121 • Here the potential Vebtz and its energy E = kQ are given by 



2/2 



Vebtz{z) = -- + ^, kl = Ql, k, = Q+Q., ^2 = ^ (23) 



with Q± = {ujl±i)/V2M. We comment that the Schrodinger-like equation for the MBTZ 
can be obtained from the EBTZ-equation by substituting z and E = k"^ into and E = 
Thus we include the previous MBTZ as the special case of the EBTZ with E = 

First we may consider a naively approximate equation of d"^ foo{z) / dz"^ + k^fooiz) = 
near the horizon at 2 — oo(r = r^) whose solution is given by a plane wave 

/oo = Cebtz e*^+^ + Debtz e-'^+^ (24) 
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where the first term corresponds to an ingoing mode and the last is an outgoing one. 
On the other hand, near infinity at z 0(r = oo) one obtains an approximate equa- 
tion (f fo{z) / dz"^ — {k2/ z^)fo{z) = which gives us a solution of fo{z) = Aebtz z'^^ + 
Bebtz ■ Here the first term is a normalizable mode and the second is a nonnormaliz- 
able mode. 

Up to now we obtain approximate solutions near z = oo, 0. However, we don't know 
whether these are true solutions because of the long-range potential Vebtz- In order to 
obtain the solution which is valid for whole region outside the EBTZ, we have to solve 
equation (j221) explicitly. Plugging f{z) = foo{z)fo{z)f{z) with Debtz = Bebtz = into 
Eq.()22|). it takes the form with ^ = —2iQ^z 

+ (23+ - Of'iO - {s+ - ^)/(0 = 0. (25) 
This corresponds to the confluent hypergeometric equation and its solution is given by 

f{z) = F[s+ - 2s+; -2tQ+z]. (26) 

Considering the Kummer's transformation of F[a, c; ^] = e^F[c—a, c; with a = s+ — 
and c = 2s+, it is easy to show that the mode solution f{z) is real: [/(2;)]* = f{z). 

We choose an ingoing mode near z = oo and a normalizable solution at 2; = as the 
solution which is valid for whole region outside the horizon 

f{z) ~ e'^+'z'+F[a, c; -2iQ+z]. (27) 

First we calculate the flux at 2; = 0(r = cxd). In this case it conflrms that fo{z) ~ is a 
real function because F[a, c; —2iQ^z] 1, e*^+^ — > 1 as 2; ^ 0. Then it is obvious that 
the corresponding flux disappears as 

Tiz = 0) = 2—[rzdJ - fzdJ*]U=o = 0. (28) 
t 

In order to obtain the flux near the event horizon at 2; = oo(r = r_|_), we use simply the 
reality condition of [/(-z)]* = f{z). Also we flnd 

J^(z = 00) = 0. (29) 

It is very curious from Eqs. ()24|) and()29p that even though an ingoing mode of /oo ~ e*^+^ is 
present near the horizon, its flux is zero. This implies that we need a further investigation 
on the wave propagation in the EBTZ background. Also it suggests that there is no 
restriction on the frequency of u. Thus its mode is real and continuous. 
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Now let us derive an explicit waveform near the event horizon at z = oo(r = r_|_). 
For this purpose we introduce the asymptotic expansion of the confluent hypergeometric 
function for purely imaginary argument = —2iQ^ and large |^|^ 



F[a,c-^] - f^Z^ler'^e^^™/' + (30) 

where the upper sign being taken if —7t/2 < arg(^) < 37r/2 and the lower one if — 37r/2 < 
arg(^) < —tt/2. Using the above formula, we can easily prove that the Kummer's trans- 
formation of F[a, c; ^] = e^F[c — a, c; — ^] is also valid for large |^|. The approximate wave 
function is given by 

f{z) = e'^+'z'+F[a, c; -2iQ+z] (31) 



- r(.A^^-/2) ^^^-^"" ^"^ ^ 

£(2sh 
r(s+ - iQ_/2)' 
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Comparing the above with Eq. ()24|) leads to the fact that the first term corresponds the 
ingoing mode and the last one is the outgoing mode. We observe here that the presence 
of /ci-term in Eq. ()23j) (like Coulomb potential) prevents the ingoing waveform a plane 
wave in Eg. ()24j) 43^ . Also we note that the contribution from fci-term to the phases is 
a logarithmic function of z. Even starting with an ugly form of /o(-2) ~ z'^+ , a nearly 
travelling waveform near the event horizon is developed after transformation. Further it 
is important to confirm that the wave function is real {foo{z) = [foo{z)]*) near the event 
horizon because of /|btz = [Jebtz]*- 

In order to obtain quasinormal modes, it requires that the wave function be a purely 
ingoing mode near the event horizon and /(z = 0) = at infinity. Here we obtain a 
condition of s+ — iVL_/2 = —n, G N from f^^TZ ~ 0- Then we may find the complex 
and discrete modes with the AdS curvature radius / and M = 1 as 

u = -- - t——in + s+j. (32) 



/ / 

At the first glance there may exist quasinormal modes for a massive scalar propagation 
on the EBTZ background. However, this condition leads in turn to the zero ingoing flux 
because the flux expression 

r(2g+) r(2g+) 

J^in{z = 00 oc — --TTT^^F? -n /o\ 

1 (s+ + t\l^/2) i (s+ — t\l^/2) 
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leads to zero exactly when choosing s+ — iVL_/2 = —n. This implies that there is no 
room to accommodate quasinormal modes of a massive scalar in the background of the 
EBTZ. Therefore, we show that there is no restriction on the frequency uj and thus it 
remains real and continuous. This is an enhanced situation when comparing it with the 
MBTZ case. A complete analysis is possible for the EBTZ, because the size of its event 
horizon is finite and it is located at r+ 7^ even it corresponds to a degenerate event 
horizon. The absence of quasinormal modes in the EBTZ is consistent with the picture of 
a stable event horizon with thermodynamic properties Th = Cj = 0, Sbh = ^t^Tj^. This 
is so because the presence of quasinormal modes implies that a massive scalar wave is 
losing its energy continuously into the extremal event horizon. Here we mention that the 
absence of quasinormal modes for the EBTZ is very similar to the case of the de Sitter 
cosmological horizon [HI 12 6j. 

The Schrodinger operator Cebtz is self-adjoint because its spectrum is real and con- 
tinuous. Its continuous spectrum reflects the fact that the EBTZ is an infinite system. 
Consequently, the EBTZ is unitary during evolution without loss of information. 

5 Summary 

We study the wave equation for a massive scalar in three-dimensional AdS-black hole 
spacetimes to understand the unitarity issues in a semiclassical way. Here we introduce 
four interesting spacetimes: the non-rotating BTZ black hole (NBTZ), pure AdS space- 
time (PADS), massless BTZ black hole (MBTZ), and extremal BTZ black hole (EBTZ). 
In the NBTZ case, one finds quasinormal modes, whereas one finds real and discrete 
modes for the PADS case. The presence of quasinormal modes means that it shows a 
leakage of information into the event horizon (dissipative object) and thus it signals a 
breakdown of the unitarity. We can easily achieve the unitarity for the PADS. This is not 
a dissipative system because the perturbations never disappears completely and always 
can be restored within the Poincare recurrence time tp as in the motion of oscillation. 

On the other hand, we find real and continuous modes for the MBTZ and EBTZ 
cases. These are unitary systems. The reasons are as follows. Firstly, the Schrodinger 
operator becomes self-adjoint upon imposing the Dirichlet condition at infinity, as the 
same condition at the origin of radial coordinate in the Coulomb scattering in quantum 
mechanics. Secondly, the corresponding wave functions are real in whole region outside 
the event horizon, especially for near the event horizon and infinity. This means that 
there is no leakage of information into the two boundaries: event horizon and infinity. 
This confirms from the fact that their frequencies are real. Thirdly, we find that the 
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radial flux is identically zero outside the event horizon, even though their wave functions 
are non-zero. Actually, we obtain the ingoing flux as well as the outgoing flux, but 
summing over these gives us the zero flux near the event horizon exactly. This means 
that there is no leakage of information into the event horizon. Hence we argue that the 
two extremal BTZ black holes are unitary systems. In this case we cannot obtain discrete 
spectra because the two belong to the non-compact system. 

Consequently, we propose two additional systems MBTZ and EBTZ for the unitarity 
system. 

A recent work of Hawking does not explain where the semiclassical analysis of the 
black hole breaks downjT^. In the Euclidean path integral approach, the contribution 
from the topologically trivial sector (pure AdS space), which he had previously neglected, 
is sufficient to restore the unitarity. However, his arguments are schematic and thus 
requires more detailed computations. This proposal seems to be incorrect even in the 
(l+2)-dimensional AdS spacetimes |12l IT^ . In the higher-dimensional AdS spacetimes, 
there exists the Hawking-Page transition between the AdS black hole and pure AdS space. 
This is a flrst-order phase transition. This supports partly that Hawking's arguments is 
correct. In the (H-2)-dimensional AdS spacetimes, there exists a second-order phase 
transition between NBTZ and MBTZ (not PADS)|13]. This may explain why we use 
the MBTZ instead of the PADS, even both are unitary systems. At this stage, however, 
we don't know how the EBTZ plays a role in resolving the non-unitarity issue of the 
non-extremal black hole, the NBTZ. 
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